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Synopsis

A mechanism is proposed which yields large values of the thermopower approaching
/e = 86 wV /degree under favourable circumstances. These appear in metals for which
the well-known anomalies in the electronic properties caused by transition metal
impurities have been observed. The distribution function in the presence of an electric
field has a current carrying part which is strongly asymmetric with respect to the
Fermi level. This leads to a first order Peltier heat current and hence, by Kelvin's
relation, to a first order thermopower. The possibilities of the mechanism are
demonstrated for the Yosida model. Any model in which there is a polarisation in some
way of the transition metal ions over distances of the order of the electronic mean free
path will yield high values of the thermopower. The electrical resistivity in the Yosida

model is only slightly modified by the strong energy dependence of the etffective
relaxation time.

1. Introduction. Copper, silver, gold and a few other metals tend to
display anomalies in their electron properties at low temperatures. Addition
to “pure’”’ copper of small amounts of diamagnetic impurities gives an initial
increase of the anomalies, e.g. the negative temperature coefficient of the
resistivity and the enormous values of the thermopower 1). It is not difficult
to devise models of magnetically interacting transition metals dissolved
in copper etc. which are capable of producing anomalies in the transport
properties. A few years ago one of the authors 2) suggested that all these
anomalies in alloys of copper with small amounts of lead, germanium, tin,
nickel and other diamagnetic impurities were caused 1In some way by traces
of iron or other impurities with unfilled d-shells 2). Recently Gold e.a.3).
put forward the idea that tin liberates iron from its oxide usually present
; even in the purest copper available. They arrived at a good deal of con-
sistency in the observed thermopower and negative temperature coefficients
in the diluted alloys.

*) The computational part of this papep fpsd
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Yosida %), expanding the former ideas of Schmitt 3), calculated the
resistivity due to transition metal ions. The interaction between the latter
was described by a sort of Weiss field, acting on the ions. He arrived at a
temperature dependent residual resistivity which had, however, a positive
temperature coefticient. Dekker 6) and Brailsford and Overhauser 7
started with exchange coupled ion pairs and found a resistivity which
initially increased with decreasing temperature toreach a saturation value near
absolute zero in a monotonic way or after having passed through a maximum.
T'he anomalous part should be in proportion to the square the concentration,
which seems to be in disagreement with the experimental results unless
one takes “isolated” ions of the Yosida model into account 7). O verhausers8)
put forward the idea of spin density waves stabilized by the presence of
magnetic impurities. His main result, that the ion spin specific heat is
proportional to the temperature and independent of the concentrations,
can (Marshall 9)) also be described by a distribution of Yosida’s internal
fields. It should be noted that at concentrations below | per cent a single
internal field accounts for the specific heat rather well 10)

T'heories for the anomalous behaviour of magnetic ions in the noble
metals are usually compared with the electrical resistivity and specific heat.
T'he magnitude of the thermopower in these alloys deserves some attention
since it 1s larger than the Sommerfeld theory can explain by many orders
of magnitude. I

T'he purpose of this paper is to discuss the question of how certain
features of the scattering by magnetic impurities, which have been neglected
so far, lead to enormous values of the thermopower.This will be demonstrated
with a revised Yosida model. Although this rescarch was started with the
anomalies in thermopower in mind, it was hoped that a minimum and/or
a maximum could be found in the electrical resistivity. Similar modifications
of the Boltzmann equation should also be applied to the theories of Dekker)
and of Brailsford and Overhauser ‘) but, in contrast to Yosida’s model

Or an extension thereof, their model is impotent to give giant values of the
thermopower.

2. Derwvation of a modified Boltzmann equation for the Yostda model. The

scattering potential of electrons in a metal caused by a magnetic impurity
at r = 0 1s

where s and § are the spin operators of electron and magnetic ion re-
spccively. We follow Yosida ) except for the influence of the Pauli
exclusion-principle.

In eq. (1) the first term represents the conventional scattering, the second
one the exchange part of it. I't is assumed that the 10n feels an effective field H
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 the O direction. The energy levels of the 1on are given by mgn ﬁi{ A,

he magnetic quantum number m ranges from —5 to + S The
popu m ion of m@ lev M m i&a p ro ;‘M”a rtional to exp -m. 1/«T, and hence the
ot _ .
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he abbreviations s* = sz - 18, and S* = Sg + 1S,, where sg, sy,
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s and Sg, Sy, Se are the spin operators for electron and ion, eq. (1) can be

T

written as:

Wath %’

H = V(r) — J({r)(2s:S; 4 stS~ + s-St). (3)

lescribes transitions without spin flips which are there-
but depend on the spin state of electron and 1on. The only
NON-Zero mmm x elements of s; and Sg are (sg)ie = 4 and (Se)mm = m.
1he < elements of the second and of the first term in eq. (3) must be
combined 1n order to get the quantum mechanical transition probabilities
for the elastic transitions

Wik +,m; R +,m) = [V +m] Kk

< D(E, — k), (4)

care of ez&z‘wrgy’wumwrwltmn Thtﬁ@r tnmsumn pmbabllltws fmm the wrma
in Wi@ {3 } have some coetficients in common and these are contained in the
function l)

which are inelastic in the electron energ _ |
%e&m increases t h ¢ magne t. IC quantum num b—-@r by —-éml (w 1). Hence the
sum of the magnetic quantum numbers of electron and ion is conserved.
The only non-zero matrix elements have as squared absolute values

iS?iH 1,m === (S -+ U o ?ﬂ‘(?% - 1)» (5)

w radureans

which result 1s also valid for electrons (S = §, m = +1).

The quantum mechanical transition probability by the third term 1n

eq. (3) 1s

— 1IN D(E, — E,—A4). (6)

For these transitions the electron energy increases with A since the ion
cnergy decreases with 4. The fourth term causes transitions for which the
electron spin changes from - to — and the electron energy decreases with /1.

Wik +,m R —,m+1)=|]pp2{S(S+1) —m(m +1)} D(E,.— E, + A). (7)

For the total transition probability P one has to average over m with
as weight and to take the Pauli exclusion principle into account.
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This gives
Pk+ -k +) = Z Viw — M Jpel?@mfy (1 — L) D(E, — E,), (8a)
Pk — K —) = % |[Viu + M wul20nfy (1 — f5) D(Ey — Ey), (8%)
Plk — >k +) = 3 [[sl*{S(S + 1) -

—m(m + 1)} wmirfy (1 — f¢) D(Ep — E, — 4), (8¢)
Pk + -k —) =3 |[ppl2{S(S + 1) —

--~m(m+ 1)}wm f;—(l "‘““‘f;)D(Ek' — £+ A): (8d) '

where f;” is th probability that the electron state k with - spin is occupied,
etc. In eq. (8¢) m + 1 was substituted for # in order to make the spin matrix

element the samec as in eq. (84).
Using c¢q. (8) the scattering terms in the Boltzmann equations for the

-+ and — spin electrons with wavenumber k are
0 +
( g:—) = %{P(k’ + —k +4+) —Pk + — k' +)} +
scatt |
+{P(R" — -k +) —P(k + — k' —)}, (9a)
.
(-jk ) = 2 {P(R' — >k —) —P(k — -k —)} +
ot scatt k’ |
+{P(k' + —k —) —P(k — -k +)}. (9%)

- For a spherical Fermi surface with E, = %2 |k|2/2m, the influence of an
electric tield F in the x-direction on the distribution function gives the drift

term
F 0
(@,}_) L RS (10)
0t/ qpigt m  on kil
with
fo=1(1+1)"1 and 5= (E, — {)/«T. (11)
Eq. (10) suggests the ““Ansatz’’, as usual,
, kz Of,
+ __ 40 x Ml 4 12
fk fﬁ + K11 877 Cn . ( )

Except for the coefficient %eF /m, the functions ¢,- play the part ot a relaxa-
tion time. Because of the special form of the scattering terms, eq. (9),
one expects a strong dependence of ¢, on electron energy 7. By the substi-
tution of eq. (12) and eq. (8) in eq. (9) one finds after some algebraic manipu-

lations:

of I |
( 3: ) = (k)™ %f Vier — M pl? (k2 — k) c,}*‘D(Ek; — E,.) R(n, 0) +

+ (D) E ST =m0+ 1) Jwal? (kact — i) -
D(Ey — E, 4 4) R(n, — p), (13a)
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and the energy conservation expressed by the D-functions has been used.
[t has been assumed that the ““width of the D-functions” can be taken to
be smaller than the width of the electron distribution function é&f)/on.
e questionable for inelastic transitions, especially for the calcu-

rwopower. The bars denote averages over m with wp as

lation of the therr
i e i \ s B - SM‘ | . 0o # . - : » 7
weight. By replacing ¥, by an integration over k’,

> [ [ R2dAR/AdE, sin 0 dd d¢ dE, (14)

kﬂ'

and assuming that the matrix elements of ¥ and J depend on the angle ¢
between k and R’ only, eq. (13) becomes

?*?

: = (kT)7t kg ’{“f Vier — M ]l ¢ (1 —cosd) sin 6 dé} R(n,0) +

+ (T) 1 koSS 1) —m(m + 1)/ -
ﬂ

Sin 5 dé} R(Wﬂ' ,.m)“), (I 5)

Tenl2 (67 — €7, cos ¢

o ) = (.1}~ ! ky {{{ Vi + mJ g2 ¢, (1—cosd)sinddd} R(n, 0) +

4 (D) LRSS+ 1) —m(m + 1) [ -
{)

) g]k"klﬁ (Ga@ ?'ﬁ' it COS é) bln 6 d()} R(mﬁ! Wlu‘) (ISb)

The factors common to all the terms in eqs. (15a) and (158), such as
& T2 7Y s i k — _ : Ty . , -
k* dk/dE have been neglected again. By the substitution of egs. (10) and

(15) the Boltzmann equation

i é% k ) ( 3& )
_ | een—— . r ._ mpmmw _. | . O , . l 6 |
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factors _
l = {A + (D — E) m?2 — 2Cm} ¢ + P(De) — Ec;_ ) Q(—n, @), (16a)
| = {4 + (D — E)m? + 2Cm}c; + P(Dc;, — Ecf.,) Q(n, u), (160)

where Q(n, u) = (en + 1)(e™# + 1)71; P(u) = S(S + 1) —m(m + 1) (17)

A = [|V(ksin 0/2)|2 sin o(1 — cos 0) do
U

D = [|](ksin 6/2)|2 sin 0 do
U

E mfi](fa sin 0/2)[2 sin 0 cos 4 do
0

C = [Re[V(ksin 6/2) J*(k sin §/2)] sin 6(1' — cos 0) dd. (18)
0

From the solution ¢;* ot the Boltzmann equation, eq. (16), follow the electric

(e > 0) and the reversible heat current

+ 0o of9Y
[ = —ef(c + ¢ ) —=dn, , (19a)
PN on
+ oo 8}C0
W = «T [ (e} +c7) 2 dn, (19%)
oo N

where the electric current is calculated with eqs. (12) and (14) from
YeVe(—e) (fa + /), and the heat current from v, (E, — O) (/& + /7).
Coetficients with a weak # dependence, common to both expressions have
been neglected.

Contrary to what is usually done the absolute thermopower S is calculated
from the absolute Peltier heat /7. The latter is given by the ratio of the heat

current W in eq. (196) to the electric current 7 in eq. (194). Hence, using
Kelvin’s relation, |

-+ oo 8]£0
[(es +e7) 2 dy
S=IHT=T1W|I=— (xle) —— 8f:’7‘ (20)
....{Q (C;}’r _I— cn ) 87;} d77

[t can be seen from eq. (20) that the thermopower does not depend on the
constant factors which have been neglected systematically in the Boltzmann
equations and in eqs. (18) and (19). This constant is needed for the electrical
resistivity, but the missing factor can be obtained simply trom the well-
known result if J(r) = 0; moreover the fluctuations of the resistivity as a
function of temperature are more interesting than the resistivity itself.
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Turning to the Boltzmann equation, eq. (16
the form

RITT

white  Pt=A 4+ (D — Eym? 3+ 2Cm and P*{(u) = P~(—u),

the elastic scattering terms and the mnelastic terms with spin flip-flops are
castly mu}gmwd as the terms with P+ and P rmlwulwﬂv Tdkmg Pt =
= P~ == 0,1t follows from eq. (22) that ¢, depends on ;¢ =¢~, , however,
hence the integral W vanishes and the thwmmmwm S b- rcomes zero. For
a finite S the elastic terms are also needed. These are dlffmmlt for 4+ and —

LR ULt

-pin electrons. The two types of terms combined make ¢ + ¢, asymmetric

ﬁg ¥
= O Ih@ maumum asymmetry in ¢, -+ ¢,” will occur for

= v i(l) — l‘i} and (D — E) = 0.1 A it 1sexpected

ff: f - ¢ 1) e (c:r N 1 e (0 1) ~ 0.1 (Cff e O u }

In this case eq. (20} gives a thermopower with an absolute value approaching
x/e = 86.3 nV/degree under favourable conditions. This result should be
compared to that for mormal scattering where the energy dependence of
the "scattering time”” may be expressed by

= p'(k/e)(«T |}, with |p'| ~ |p!, which is therefore negligible
&~ 10%) compared to the value whl.(,h 1s expected from eq. (20) in the
case that ¢* are strong functions of .
The solutions of eq. (16) depend on u = A/«T, hence the resistivity will
in general depend on temperature. Yosida’s equations can be obtained from
(16) by the substitution of Q(0, u) for Q(n, u) and the neglect of the

For the sake of simplicity one single ion has been assumed to be present.
Now it is a simple matter to extend the equations to the case where a
traction n of the ions experiences a field +u and the other fraction, 1 — #,
a field —p. This gives the following difference equations for ¢ :

= 1, (250)

can now be C(mwd&md'
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a) Purely ferromagnetic case, n =1 or n=0. The largest thermo-
power should occur here. The difference equations can be solved in ap
elementary way, however, the integrations to get / and W are very compli-
cated.

h) Purely antiferromagnetic case, n = 0.5. For reasons of symmetry
the thermopower vanishes; there i1s neither a difference between the elastic
terms nor between the inelastic ones. However, the n-dependence of ¢, may
influence the 7T-dependence of the resistivity. The difference equations
cannot be solved 1n an elementary way.

¢) Intermediate cases, 0.5 < n < 1. Because the thermopower
vmiﬁsh@@; Whém n == O 5 and be%acau@e th@re 1S some pre&ference In ﬂlf"*‘ Iiw&mm

mmm, fmm the dntlferromagmatlc Célbt, the thermopower :;shc)uld remas
anomalously high. Because the thermopower is insensitive to a sign reverss
of # and because the two factors favouring high values vanish if # == 0
a proportionality as (n — 0.5)% 1s expected for S as a first approximation.

3. The computations. Values of I (u) and W(u) for u=0.1x2{ 1 =0 (1) 7
were calculated with the aid of the electronic computer Electrologica — X1
of the Mathematical Centre. This was done for the following 100 combina-
tions of the parameters:

A=1;C=05 025 010; n =1, 0.8, 0.52, 0.5;: D = 0.2:
E = 0.25, 0.10, 0.05, 0, —0.10; § = 2.5 (except for C = 0.5), 0.5.

To this end the difference equations (25) had to be solved for ¢, and ¢; .
The four boundary conditions required for the solution of this system were
chosen in such a way as to give constant ¢} for n = + oo. The values of
these four constants were found by substitution of » = -4 oo into eq. (25}
and solving the system thus obtained for ¢f_, and ¢,
By taking n; = no + lu, { = O(1) N, in 5uch a way that n < no could be
interpreted as n = — oo and § > ny as n = oo, we arrived at two systems
of N 41 hma.r equations in the 2N + 2 unknowns ¢}, which were solved
by an elimination procedure for tridiagonal matrices.

In order to obtain a table of ¢t with an increment sufficiently small to
calculate the integrals (19) numerically, these computations had to be
carried out for several values of ng. In fact o = — (13 + 0.174),7 = 0(1)10u
— land ny > 13 were chosen, thus finding values of ¢} for 5 = —13(0.1)13.
Finally the integrals (19) were calculated, replacing the limits by 4 13, &
means of the trapezoidal rule.

4. Results. The electrical resistivity. At high temperatures,
(# — 0), m = O for both fields and the resistivity does not depend on C.



CI/\NI THERMOPOWERS IN METALS AT LOW TEMPERATURES 1091

e | et & oW Lt e O T m'r—'mmm.wmw - .

VO s ey e Gl g Al E g F by b

LR et b S P TR T 1AL R M o g e Frea——

Moreover, for «1" > A the inclastic character of the scattering disappeais
(cn — co) ; hence the resistivity must be identical with Yosida’s result and
independent of n. p,, =4 4+ (D — E) S(S + 1), 1 > Alk.

1.0 r— e e e
T
P o
0.9 e
-..............--*-""’ }/
nzl C::Q?S ,’
| ] {
0.8 - Il SRR T L
/ |
,
/ E =201
/
/
/
/
// |
0.7 |———/— I
nz1 Cz0S8
{ l
O 0.2 05 1 . 5 . 10 0.1 0.2 05 1 2 5 10
NN -
A/K — 27K

I'ig. 1. "The electrical resistivity as a function of the reduced temperature for a few
values of the parameters. S = 0.5.

For T — oo the resistivity does not depend on % and C.
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Fig. 2. As fig. 1 for § = 2.5.

Low temperatures (u —oo, P —0). For » = 0.5 the equations again simplify to
Yosida’s. The terms with C and m cancel because nm, + (1 —#n) m_, -0
and pp(0.5) = A + (D — E) S%, T <L Alk.
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For the extreme ferromagnetic case n = |

(A4 + (D — E) S22 — 4C25?
ol A+ (D—E)S? Al

It follows from these equations p,, > po(0.5) > po(l).

Hence for all allowed values *) of D, E, C, S and =, the resistivity at
T = 0O is lower than at high temperatures. Yosida found that this change
takes place in a monotonic way. The possibility could not be excluded that
by taking the n-dependence of the “relaxation-time’ ¢} into account, the
resistivity would pass through a maximum at intermediate temperatures.
However the computations (some results are shown in tigs. 1, 2) give only
a slight modification of the Yosida result. It should be noted that 90%
change in the resistivity takes place in a temperaturc range of about a
factor 20.

The thermopower. Some of the computer results for S in units of
kle = 86.3 uV/degree are shown in fig. 3 and fig. 4. As the computation
has been carried out for only a limited number of u-values the interpolation
is rather inaccurate especially at the lower temperatures where the thermo-
power falls extremely rapidly. At temperatures above the maximum, S goes
to zero as T—2, a result which is most probably valid beyond the details of
our model. The maximum in S occurs for 7 = 14/k, approximately.

Neglecting extreme cases a maximum value of 0.1 k/le or about 10
uV/degree seems quite normal for cases where the change in resistivity
is not too large, say 10 or 209%,.

As expected, S is largest for » = 1 and vanishes for n = 0.5. The results
for intermediate values of #n, for which » = 0.80 and »n = 0.52 have been
chosen, are approximately proportional to (7 — 0.5)2. For S = 0.5 this
holds remarkably well; for S = 2.5 the thermopower at 7 = 0.52 deviates
by no more than a factor two from the value calculated with the above
proportionality; at » = 0.8 the deviation is substantially smaller.

The above values of the thermopower increase in a monotonic way with
increase of E between the extreme values E = —0.10 and £ = 0.15, which
are shown in figs. 3 and 4. For S = 0.5 the E dependence is quite weak.

An interesting result is that the thermopower 1s negative for positive C
for all allowed values of the parameters. The thermopower 1s an odd function
of C whereas the resistivity, the integral I, depends on the absolute value
of C. These sign-reversal properties follow from the Boltzmann equation **).

5. Discussion. By taking the energy dependence of the relaxation-time
into account results for the electrical resistivity were obtained which are

) D> LE: A + (D — E) m2 + 2Cm > 0 for —S < m < S.
of the sign of u.
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not essentially ditferent from the results in Yosida’s simplified treatment 4).
The resulting monotonic decrease of the resistivity with decreasing T, as
shown in figs. 1 and 2, has been observed in CuMn and AgMn 11)w all;;)ys
at higher concentrations. Neither the maximum in the resisfivity of these
alloys at lower concentrations, nor the monotonic increase with decreasing
T of such alloys as Cuke, CuCo etc. 12) resulted from our modified cgc-luati(mg'_
It scems most unlikely that a distribution of internal fields c:ould modify
qualitatively the resistive behaviour in figs. 1 and 2. In this respect the
influence of the finite life-time of the electrons due to inelastic collisions
merits further research.

%Valtsl“ﬁ ) )-_L_/_:_? -
ol I - AR L
,' Ot - Z |
? C=05 E=015 =0 €0 Lo
| it
. E a0
C =025 EaQ1%
|

ol W ' l
Qud 02 05 1 2 S 10 1'5 YW r;wai J - -
ussnmmecesfiion _-I—- L"" o o o T Y — ; iy a
Afk 2
el SWOA o

Fig. 3, 4. The thermopower in units of x/e¢ as a function of the reduced temperature.
For # = 0.5 the thermopower vanishes exactly. fig. 3 corresponds with fig. 1; fig. 4
with fig. 2.

The calculated thermopower is of the order of the experimental values in
cases where it is abnormally high and has, moreover, the correct sign if one
assumes that the exchange integral, J, for electrons and 1ons is positive.
Experimental data on thermopower are scarce. Fairly pure Cu, Ag and Au
with possibly Fe as dominant impurity gave a thermopower of about
—6uV/degree at 1°K. However our model cannot give the right resistive
behaviour for this type of alloy.

The ion pair theories 6)7) seem to be able to predict all ty pes of temperature
dependence which have been observed for the resistive behaviour in magnetic
dilute alloys but do not predict — at least not in the way in which these
models have been worked out — anomalously high thermopower. In addition
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these theories predict a quadratic concentration dependence of the anomaly,
which has not been observed experimentally. Brailsford and Over-
hauser ?) consider isolated ions to account for a weaker concentration
dependence. In this situation it is attractive to suppose that the 1on pairs
cause the anomalous 7T dependence of the resistivity and the “i1solated™
ions the gilant thermopowers.
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However,

and S = 2.5.

15

modifications similar to those
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fig. 5. IFor =

C

.+.
0.5 one has ¢,

introduced

for the parameter values as 1n

‘pinimpleniia

Cp -

i
vy .

into Yosida’s

model in § 2 must also be applied to the ion pair calculations. These give
undoubtedly a resistivity-temperature relation different irom the one 1n
the simplified treatments. As for the thermopower, the S .S interaction
between the members of an ion pair results in energy states which do not
depend on the direction of the total magnetization, hence the pailr scatters
the electrons in such a way that there is on the average no difference between
electrons with + and — spin. If one makes the energy of the pair dependent
on the direction of the magnetic moment the scattering will become
different for - and — spin electrons. This occurs in exactly the same
manner as in the Yosida model, by interference between the normal and
exchange parts of the elastic scattering. A first order thermopower ap-
proaching the value «/e will again be the result. This removal of the spin
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degeneracy may be brought about by configurations of interacting pairs with
shout isolated ions. The scarcity of the experimental data and the large
of such umﬁgumtmm HMM w ummmrtmw to consider these

H .
2 e
N -
& i

Appendix Fig. 5 shows the relaxation times E‘ “and ¢ fort he parameter
mm% A mmmmmmm ]) = O 2, E = 0.15, C = 0.1 mui S = 2.5 for the ferro-
mwwﬁm case, # = l. Ahhf}ugh only values close to n = 0 contribute to
the integrals [ and M? the values ot ci in this region are determined by a
much larger interval, especially for thef higher p-values. It was for this
reason that variational pr nmplf}s were not used. These are based on a power
dev ampmmﬁ; M ¢, around g = 0. As figs. 5 and 6 show such a procedure

be expec tvd to vield rehable results. W’mth@ut elastic scattering
+

== (0} one h as in the ferromagnetic case ¢, == ¢_, so that if e.g. ¢, 1S a

i

{ff?
monotonically increasing function of #, ¢, is monotonically decreasing.
[f the elastic scattering too is taken into account (P* s 0) one is inclined
to expect — by adding inverse relaxation times — that the sign of the above

########

ﬁﬂ would remain the same. However, it is shown 1n
f1g. S thm both ¢, and c, «:lrﬁ‘ increasing with » for all but the highest values
of » Tffi p«@ nts to the necessity of cmmdwmg the elastic and inelastic
scattering as an entirety. In ﬁg 6 the functions ¢, «-+ ¢, are shown also tor
'ﬁ%w @mmfwmnmgmﬁtw case M = O 5 fm Whlch ¢, = €5 = aé( ¢ -§-— o )

.__-:.f;,-ymrm&try fm e, and ¢

1

M’M N == w 5 w}wn I —> OO. W’@ matt‘f* thﬁlt ﬁn T 1 thcaﬁ “m-@ an rﬁﬂaxﬁumn
time’ ¢ - €, 1s not everywhere a monotonic func*txon of the temperature.

The physical part of this work was done by the first author at the
Laboratoire de Physique de I'Université de Lausanne in 1959/1960. It got
m fmm fm m in cooperation with the Mathematical Centre, Amsterdam.
It is part of the research program of the “Stichting voor Fundamenteel
Onderzoek der Materie (F.O.M.)” and was partly supported by the " Neder-

Organisatie voor Zuiver-Wetenschappelijk Onderzoek (Z.W.0.)"
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